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FANO n-FOLDS WITH NEF TANGENT BUNDLE AND
PICARD NUMBER GREATER THAN n− 5
AKIHIRO KANEMITSU
Abstract. We prove that Fano n-folds with nef tangent bundle and
Picard number greater than n− 5 are rational homogeneous manifolds.
Introduction
In this paper, we continue our study of the following conjecture:
Conjecture 0.1 (Campana-Peternell conjecture [4]). Any Fano manifold
X with nef tangent bundle is a rational homogeneous manifold.
In the previous work [9], the author proved that Conjecture 0.1 is true in
dimension five, via the results of [6, 8, 13, 14, 25]. Hence Conjecture 0.1 is
known to be true in dimension at most five [4, 5, 8, 14]. For further results
or background materials about Conjecture 0.1, we refer the reader to the
survey article [17].
In [4, 5, 25], Conjecture 0.1 in the case of Picard number greater than one
are treated by inductive approaches. More precisely, for each n = 3, 4 or 5,
they proved Conjecture 0.1 for n-folds with Picard number greater than one
using the results in dimension at most n− 1.
Our objective is to prove Conjecture 0.1 for 6-folds with Picard number
ρX > 1 using the above results in dimension at most five. In fact, we obtain
a more general result as follows:
Theorem 0.2. Conjecture 0.1 is true in dimension n with Picard number
ρX > n− 5.
The same result in the case where ρX > n−4 is independently obtained by
K. Watanabe [24]. The idea of Watanabe’s proof and ours in the case where
the manifold in question has large dimension are essentially the same; the
idea is to use results of R. Mun˜oz, G. Occhetta, L.E. Sola´ Conde, K. Watan-
abe and J.A. Wi´sniewski [15, 19].
We explain the idea in more details: A Fano manifold is called a CP
manifold if the tangent bundle is nef. Given a CP n-fold X (n ≥ 6) with
Picard number ρX > n−5, we have a non-trivial contraction f : X → Y . By
the work of J.-P. Demailly, T. Peternell and M. Schneider [7], the contraction
f is smooth, and hence, the fibers and the target Y are CP manifolds (see
Proposition 1.3 below). Furthermore, if the dimension of X is large enough,
we can show that they have a contraction onto a CP manifold M whose
elementary contractions are smooth P1-fibrations (in [15], such a manifoldM
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is called an FT manifold, see Definition 1.4). Then, by results of R. Mun˜oz,
G. Occhetta, L.E. Sola´ Conde, K. Watanabe and J.A. Wi´sniewski, M is a
complete flag variety and X ≃ F ×M , where F is a fiber of the contraction.
Hence we can prove Theorem 0.2 by an inductive approach.
On the other hand, in lower dimensional cases, a CP manifold does not
admit a contraction onto an FT manifold in general. Hence we need to
treat them by case-by-case argument. The main difficult part is to prove
that Conjecture 0.1 is true for CP 6-folds X with Pr-bundle structure. This
is essentially done in Section 2.
In Section 2, following the notion of Fano bundle, we introduce the notion
of CP bundle. A vector bundle E is said to be a CP bundle if P(E ) is a CP
manifold. Given a Fano or CP bundle, one can define an invariant τ called
slope (see Definition 2.5). In [16], severe restrictions on the pair (Y,E ) are
obtained by the numerical conditions on τ (see, for instance, [16, the proof
of Proposition 4.4]). Also in the present paper, the numerical conditions on
slopes play an important role.
For our purpose, we rephrase the statement of Theorem 0.2 in the follow-
ing form.
Theorem 0.3. Let X be a CP n-fold with Picard number ρX > n− 5, then
X is one of the following:
ρX X
n− 4
(
P1
)n−5
×
[
P5, Q5 or K(G2)
]
,(
P1
)n−6
×
[
P(C ), P2 × P4, P2 ×Q4,
(
P3
)2
, P3 ×Q3 or
(
Q3
)2 ]
,(
P1
)n−7
×
[ (
P2
)2
× P3,
(
P2
)2
× Q3, P2 × P(Si), P
2 × P(TP3),
P(N )× P3 or P(N )×Q3
]
,(
P1
)n−7
× P(TP2)×
[
P4 or Q4
]
,(
P1
)n−8
×
[(
P(N )
)2
, P(N )×
(
P2
)2
,
(
P2
)4
or P2 × F (1, 2, 3; 4)
]
,(
P1
)n−8
× P(TP2)×
[
P(Si), P(TP3), P
2 × P3 or P2 ×Q3
]
,(
P1
)n−9
× P(TP2)×
[ (
P2
)3
, P2 × P(N ) or F (1, 2, 3; 4)
]
,(
P1
)n−9
×
(
P(TP2)
)2
×
[
P3 or Q3
]
,(
P1
)n−10
×
(
P(TP2)
)2
×
[
P(N ) or
(
P2
)2 ]
,(
P1
)n−11
×
(
P(TP2)
)3
× P2,(
P1
)n−12
×
(
P(TP2)
)4
n− 3
(
P1
)n−4
×
[
P4 or Q4
]
,(
P1
)n−5
×
[
P(Si), P(TP3), P
2 × P3 or P2 ×Q3
]
,(
P1
)n−6
×
[ (
P2
)3
, P2 × P(N ) or F (1, 2, 3; 4)
]
,(
P1
)n−6
× P(TP2)×
[
P3 or Q3
]
,(
P1
)n−7
× P(TP2)×
[
P(N ) or
(
P2
)2 ]
,(
P1
)n−8
×
(
P(TP2)
)2
× P2,(
P1
)n−9
×
(
P(TP2)
)3
n− 2
(
P1
)n−3
×
[
P3 or Q3
]
,(
P1
)n−4
×
[
P(N ) or
(
P2
)2 ]
,(
P1
)n−5
× P(TP2)× P
2,
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(
P1
)n−6
×
(
P(TP2)
)2
n− 1
(
P1
)n−2
× P2,(
P1
)n−3
× P(TP2)
n
(
P1
)n
where N is the null-correlation bundle on P3, Si (i = 1, 2) the spinor
bundles on Q4, C the Cayley bundle on Q5 and F (1, 2, 3; 4) the variety of
all complete flags in C4.
For the definition of the null-correlation bundle N , the spinor bundles
Si and the Cayley bundle C , we refer the reader to [20, 21, 22]. Note that
the null-correlation bundle N is a vector bundle of rank 2 over P3 and that
the projectivization P(N ) of the null-correlation bundle is isomorphic to
the projectivization of the spinor bundle on Q3.
As a byproduct of the proof of Theorem 0.2, we obtained the following:
Theorem 0.4 (=Theorem 4.1). Let X be a CP n-fold which does not admit
a contraction onto an FT manifold. Then n ≥ 2ρX . Furthermore, the
following hold:
(1) If the equality holds, then X ≃
(
P2
)ρX .
(2) If n = 2ρX+1, then X ≃
(
P2
)ρX−1×P3, (P2)ρX−1×Q3, (P2)ρX−2×
P(Si) or
(
P2
)ρX−2 × P(TP3).
Convention 0.5. We will work in the category of complex projective varieties
unless otherwise stated. Given a vector bundle E over a variety, we will
denote by P(E ) the associated projective space bundle of one-dimensional
quotients, that is, P(E ) := Proj
(
S(E )
)
.
A smooth Pr-fibration is a smooth morphism whose fibers are isomorphic
to Pr. On the other hand, a Pr-bundle is the projectivization of a vector
bundle.
Unless otherwise stated, X is a CP manifold, n is the dimension of X and
ρX is the Picard number of X.
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1. Preliminaries
In this section, we collect some results which we use later.
4 A. KANEMITSU
1.1. CP manifolds.
Definition 1.1 ([17, Definition 1.4]). A Fano manifold X is said to be a
CP manifold if the tangent bundle of X is nef.
CP manifolds with dimension at most five are classified:
Theorem 1.2 ([4, 5, 6, 8, 9, 13, 14, 25]). Let X be a CP manifold of
dimension at most five. Then X is a rational homogeneous manifold.
In this case, the explicit form of X as in the table of Theorem 0.3 is also
known.
1.2. Contractions of CP manifolds. Contractions of CP manifolds are
similar to those of rational homogeneous manifolds:
Proposition 1.3 ([15, Proposition 4]). Let X be a CP manifold and π : X →
Y a contraction. Then the following properties hold:
(1) The morphism π and Y are smooth. In particular, the fibers and Y
are CP manifolds.
(2) ρX ≤ dimX
(3) The Picard number of a π-fiber F is ρX − ρY and j∗
(
NE(F )
)
=
NE(X) ∩ j∗
(
N1(F )
)
, where j : F → X is the inclusion.
(4) NE(X) is simplicial.
Proof. (1) The morphism π and Y are smooth by [7, Theorem 5.2] or [23,
Theorem 4.4]. It follows from [11, Corollary 2.9] that Y is a Fano manifold.
Fibers are also Fano by adjunction. Furthermore, by [4, Proposition 2.11]
the tangent bundles of fibers and Y are nef. Hence they are CP manifolds.
(2) This is a consequence of (1).
For proofs of (3) and (4), we refer the reader to [15, Proposition 4]. 
1.3. Characterization of complete flag manifolds. Recently, in [19], a
characterization of complete flag manifolds was obtained by G. Occhetta,
L.E. Sola´ Conde, K. Watanabe and J.A. Wi´sniewski. We briefly recall the
results of [19]. For details, we refer the reader to [15], [19].
Definition 1.4 ([15, Definition 1]). A CP manifold M is said to be an FT
manifold if every elementary contraction of M is a smooth P1-fibration.
Theorem 1.5 ([19, Theorem 1.2]). Let M be a Fano manifold. Assume
that every elementary contraction of M is a smooth P1-fibration. Then M
is a complete flag variety, that is, M ≃ G/B where G is a semisimple group
and B is a Borel subgroup.
Hence, in particular, FT manifolds are complete flag varieties. Further-
more, in [15], the following property of FT manifolds is proved:
Proposition 1.6 ([15, Proposition 5]). Let X be a CP manifold. If there
exists a contraction π : X →M onto an FT manifold M , then X ≃ F ×M
and π is the second projection, where F is a fiber of π.
As a corollary, we have:
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Corollary 1.7. Let n > 0 and k ≥ 0 be integers. Assume that Conjec-
ture 0.1 is true for any CP manifold Y with dimY < n and dimY −ρY ≤ k.
Then Conjecture 0.1 is true for CP n-fold X with n − ρX ≤ k which
admits a contraction f : X →M onto an FT manifold M .
Proof. By Proposition 1.6, we have X ≃ F ×M , where F is the fiber of f .
By Theorem 1.5, M is a complete flag variety.
By Proposition 1.3, F is a CP manifold with dimension n − dimM and
Picard number ρX−ρM . Then we have dimF−ρF ≤ n−ρX ≤ k since ρM ≤
dimM . Hence F is a rational homogeneous manifold by our assumption,
and the assertion follows. 
2. CP Bundles
A vector bundle E on a manifold Y is called a Fano bundle if the projec-
tivization P(E ) is a Fano manifold, and they are classified in several cases.
For more details and results, we refer the reader to [16] and the reference
therein.
Definition 2.1. A vector bundle E on a manifold Y is said to be a CP
bundle if the projectivization P(E ) is a CP manifold.
Remark 2.2.
(1) If E is a CP bundle over Y , then Y is a CP manifold by Proposi-
tion 1.3.
(2) If Y is a rational manifold or a curve, then the Brauer group of Y is
trivial and hence all smooth Pr−1-fibration over Y is a Pr−1-bundle
(see, e.g. [25, Proposition 2.5]).
2.1. Triviality of CP bundles. We prove several characterizations of triv-
iality of CP bundles.
Proposition 2.3. Let E be a CP bundle of rank r over a manifold Y and
π : P(E )→ Y the natural projection. Then the following are equivalent:
(1) P(E ) is trivial.
(2) The relative anticanonical divisor −Kpi is nef.
(3) For every rational curve f : P1 → Y , the base change of π by f is
trivial.
(4) For every rational curve f : P1 → Y whose image generates an ex-
tremal ray, the base change of π by f is trivial.
(5) For every elementary contraction f : Y → Z and every fiber F of f ,
the base change of π over F is trivial.
(6) E splits into a direct sum of line bundles.
(7) E ≃ L ⊕r for a line bundle L .
Proof. Set X := P(E ).
The implications (1)⇒ (2)⇒ (3)⇒ (4) and (1)⇒ (7)⇒ (6) are obvious.
(4) ⇒ (5) and (3) ⇒ (1). By Proposition 1.3, the fiber F and Y are Fano
manifolds. Hence they are rationally connected [11, Theorem 0.1]. The
assertion follows from [16, Proposition 2.4].
(5) ⇒ (2). It is enough to see that −Kpi is nef on every extremal ray of
NE(X). Let R be the ray corresponding to π. Obviously −Kpi is nef on R.
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On the other hand, by Proposition 1.3, there is a one-to-one correspondence
between the set of rays in NE(X) which are not R and the set of rays of
NE(Y ). Hence the assertion follows.
We already see that the first five of the conditions are equivalent. Hence
we may assume that Y has Picard number one.
(6) ⇒ (1). Since Pic(Y ) ≃ Z, we can write E ≃
⊕
OY (ai) with integers
a1 ≥ · · · ≥ ar, where OY (1) is the generator of Pic(Y ). By twisting with a
line bundle, we may assume that a1 = 0. Then, there is a splitting exact
sequence:
0 −→ OY −→ E ≃
⊕
OY (ai) −→ F ≃
⊕
i>1
OY (ai) −→ 0.
This gives a projective subbundle P(F ) ⊂ P(E ) with normal bundle O(1)
of P(F ). Since P(E ) is a CP manifold, the normal bundle is nef, and hence,
ai = 0 for all i. 
2.2. The slope of CP bundle. In the rest of this section, we assume that
the Picard number of Y is one. First, we fix some notation.
Notation 2.4. Let E be a CP bundle of rank r over a manifold Y with Picard
number one, and set X := P(E ) with the natural projection π : X → Y . We
will denote by ξ the class of the tautological line bundle OP(E )(1) and by H
the pullback of the ample generator of PicY .
Then −Kpi = rξ − π
∗c1(E ) and −KX = rξ + π
∗
(
−KY − c1(E )
)
.
In [16], the following invariant is introduced:
Definition 2.5 ([16, Definition 2.1]). Let the notation be as above. The
slope of the pair (Y,E ) is the real number τ such that −Kpi + τH is nef but
not ample.
Proposition 2.6 ([16, Remark 2.9]). The following hold:
(1) 0 ≤ τ < FY , where FY is the Fano index of Y .
(2) τ ∈ Q.
(3) −Kpi + τH is semiample.
Proof. (1) Since X is Fano, we have τ < FY . The inequality 0 ≤ τ follows
from [11, Corollary 2.8].
The second and third parts follow from the rationality theorem and the
Kawamata-Shokurov base point free theorem ([10] or [12]). 
As a corollary of Proposition 2.3, we have the following:
Corollary 2.7. If τ = 0, then X ≃ Pr−1 × Y .
2.3. CP 6-folds which admit projective space bundle structures.
We restrict our attention to pairs (Y,E ) with dimP(E ) = 6 and the Picard
number of Y is one.
Using the classification of Fano bundles of rank two, we have the following:
Proposition 2.8. Let E be a CP bundle of rank two over Y ≃ P5, Q5
or K(G2). Then P(E ) is a rational homogeneous manifold. In particular,
X ≃ P1 × P5, P1 ×Q5, P1 ×K(G2) or P(C ), where C is the Cayley bundle
on Q5.
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Proof. By Proposition 2.3 (6) ⇒ (1) , we may assume that E is indecom-
posable. If Y ≃ P5 or Q5, then the assertion follows from [1, Main Theorem
2.4]. If Y ≃ K(G2), then another elementary contraction of X is a P
1-
bundle by Proposition 1.3 and [16, Lemma 6.1]. The assertion follows from
[16, Theorem 6.5] or [26, Theorem 1.1]. 
The main result of Section 2 is the following:
Theorem 2.9. Let E be a CP bundle of rank 3 on P4 or Q4. Then P(E ) ≃
P2 × P4 or P2 ×Q4.
Note that, by the definition of Chern classes, the following holds:
r∑
i=0
(−1)i π∗ci(E ) · ξ
r−i = 0.(2.9.1)
Since X is a CP manifold with Picard number ρX = 2, we have another
elementary contraction p : X → Z. Note that Z is a CP manifold and p is
a smooth morphism by Proposition 1.3. Furthermore, we have dimZ ≤ 4.
Otherwise, X is a P1-bundle over rational homogeneous 5-fold Z. This
contradicts Proposition 2.8.
Proof of Theorem 2.9 for the case Y ≃ P4.
If Y ≃ P4, then the hyperplane section HY generates the Chow ring of
Y . We identify the i-th Chern classes ci(E ) with an integer ci. We define
two invariants:
∆ := c1
2 − 3c2,
γ := 2c1
3 − 9c1c2 + 27c3.
By (2.9.1) and direct computations, we have the following:
(1) (−Kpi)
3 = 9∆H2 · ξ − (3c1∆− γ)H
3,
(2) (−Kpi) ·H
5 = 0, (−Kpi)
2 ·H4 = 9, (−Kpi)
3 ·H3 = 0, (−Kpi)
4 ·H2 =
27∆, (−Kpi)
5 ·H = 9γ, (−Kpi)
6 = 81∆2.
Hence,
(−Kpi + τH)
5 ·H = 9
(
10τ3 + 15∆τ + γ
)
,(2.9.2)
(−Kpi + τH)
6 = 27
(
5τ4 + 15∆τ2 + 2γτ + 3∆2
)
.(2.9.3)
Since dimZ ≤ 4, two equalities (−Kpi + τH)
5·H = 0 and (−Kpi + τH)
6 =
0 hold. By using (2.9.2) and (2.9.3), we have
∆ =
5τ2 ± 3τ2
√
5
2
.
Hence τ = 0, i.e. −Kpi is nef. Therefore X is isomorphic to P
2 × P4 by
Corollary 2.7. 
Proof of Theorem 2.9 for the case Y ≃ Q4.
If Y ≃ Q4, then the hyperplane section HY and two planes P1,Y , P2,Y
generate the Chow ring of Y . We will denote by LY the class of a line on
Q4. The intersection products of them are as follows: H2Y = P1,Y + P2,Y ,
HY · Pi,Y = LY , HY · LY = 1, P
2
i,Y = 1 and P1,Y · P2,Y = 0. We identify
the i-th Chern classes ci(E ) with an integer ci, except for c2(E ) which we
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identify with a pair of integer (a, b). We will denote by H, Pi and L the
pullback of HY ,Pi,Y and LY on X. By twisting E with a line bundle, we
may assume that c1 = 1, 2 or 3.
Similarly to the case Y ≃ P4, We define some invariants:
c2 := c2(E ) ·H
2
Y = a+ b,
∆(E ) := c1(E )
2 − 3c2(E ) = c1
2H2Y − 3 (aP1,Y + bP2,Y ) ,
δ := ∆(E ) ·H2Y = 2c1
2 − 3c2,
γ := 4c1
3 − 9c1c2 + 27c3,
β := ∆(E )2 =
δ2 + 9 (a− b)2
2
.
Then, by (2.9.1) and direct computations, we have
(1) (−Kpi)
3 = 9π∗∆(E ) · ξ − (3c1δ − γ)L.
(2) (−Kpi) ·H
5 = 0, (−Kpi)
2 ·H4 = 18, (−Kpi)
3 ·H3 = 0, (−Kpi)
4 ·H2 =
27δ, (−Kpi)
5 ·H = 9γ, (−Kpi)
6 = 81β.
Hence we obtain
(−Kpi + τH)
4 ·H2 = 27
(
4τ2 + δ
)
,(2.9.4)
(−Kpi + τH)
5 ·H = 9
(
20τ3 + 15δτ + γ
)
,(2.9.5)
(−Kpi + τH)
6 = 27
(
10τ4 + 15δτ2 + 2γτ + 3β
)
.(2.9.6)
Since dimZ ≤ 4, we have two equalities (−Kpi + τH)
5 .H = 0 and
(−Kpi + τH)
6 = 0, that is,
20τ3 + 15δτ + γ = 0,(2.9.7)
10τ4 + 15δτ2 + 2γτ + 3β = 0.(2.9.8)
By (2.9.7), (2.9.8) and the definition of β, we have
δ = 5 τ2 ± 3
√
5τ4 − (a− b)2.(2.9.9)
By Corollary 2.7, it suffices to show that τ = 0. Assume by contradiction
that τ 6= 0 in the sequel.
Lemma 2.10. The following hold:
(1) τ = 1, 2 or 3,
(2) |a− b| = τ2 or 2τ2,
(3) δ = 5τ2 ±
6τ4
|a− b|
.
Proof. (1) By Proposition 2.6, it is enough to see that τ ∈ Z. Note that
τ is a solution of the equation (2.9.8). Since δ, γ, β ∈ Z and τ ∈ Q (by
Proposition 2.6), we can write τ = m/10 with m ∈ Z. Then, by (2.9.8),
m4 = −10
(
15δm2 + 20γm+ 300β
)
. So we have m ≡ 0 mod 10.
(2) By (2.9.9), there exists an integer k such that 5τ4 − (a− b)2 = k2.
Therefore, for each τ = 1, 2 or 3, we have (2).
Now, the assertion (3) follows from (2.9.9). 
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In any case, we have (−Kpi + τH)
4 · H2 = 27
(
4τ2 + δ
)
> 0. Hence
dimZ = 4. Therefore, Z ≃ P4 or Q4 and p is a P2-bundle by classification
of CP surfaces and 4-folds. If Z ≃ P4, then we may apply Theorem 2.9 for
p : X → Z, which we have already shown. Then we have X ≃ P2 × P4, a
contradiction. Hence Z ≃ Q4:
X
pi
{{✇✇
✇✇
✇✇
✇✇
✇
p
##❍
❍❍
❍❍
❍❍
❍❍
Y ≃ Q4 Z ≃ Q4.
There exists a rank 3 vector bundle F over Z ≃ Q4 such that X ≃ P(F ).
We may assume that c1(F ) = 1, 2 or 3. We will denote by η the class of
tautological bundle on P(F ).
Lemma 2.11. The following hold:
(1) τ = c1. In particular, E is nef but not ample.
(2) c2(E ) =
(
c1
2, 0
)
or
(
0, c1
2
)
, and c3 = 0.
(3) 27
(
4τ2 + δ
)
= 34c1
2.
Proof. (1) Note that E is nef but not ample if and only if τ = c1.
Assume to the contrary that τ 6= c1. Then, since |τ − c1| = 1 or 2,
−Kpi + τH is not a multiple of another divisor. Hence we have
−Kpi + τH = p
∗HZ ,(2.11.1)
where HZ is the ample generator of Pic(Z).
Since −KZ = 4HZ , we have p
∗ (−KZ) = 12ξ + (4τ − 4c1)H. Hence, we
have
−Kp = −KX − p
∗ (−KZ) = −3p
∗HZ + (4− τ)H.
Therefore the slope τZ for the pair (Z,F ) is 3.
Then, by Lemma 2.10 (2) and (3) for (Z,F ), we have
δZ :=
(
c1(F )
2 − 3c2(F )
)
·HZ
2 ≡ 0 mod 3.
Hence c1(F ) = 3.
Since τZ = c1(F ), η is nef but not ample. Hence η = H. By (2.11.1),
3ξ = (c1 − τ) η + p
∗HZ .
This contradicts the fact that (η, p∗HZ) is a Z-basis of Pic(X).
(2) By (1), we have a ≥ 0, b ≥ 0 and τ = c1. Then, by Lemma 2.10 and
the definition of δ, we have the first assertion. The second assertion follows
from the equation (2.9.7).
(3) The assertion follows since δ = −τ2. 
Then, by Lemma 2.11 (1) and the symmetry of π : X → Y and p : X → Z,
we have ξ = p∗HZ , η = H and −Kpi + τH = 3ξ. Hence
(p∗HZ)
4 · η2 = ξ4 ·H2 =
(−Kpi + τH)
4 ·H2
34
by (2.9.4)
=
27
(
4τ2 + δ
)
34
= c21.
The last equation follows from Lemma 2.11 (3).
By Lemma 2.10 (1), we have c21 = 1, 4 or 9. On the other hand, since p is
a P2-bundle over Q4, we have (p∗HZ)
4 .η2 = 2. This gives a contradiction.
Hence τ = 0, completing the proof. 
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3. Products of CP manifolds
In this section, we prove Proposition 3.1 below, which we use to prove
that a certain CP manifold is a product of CP manifolds.
Proposition 3.1. Let X be a smooth projective variety and suppose that,
for some integer r ≥ 2, there exist a smooth contraction f : X → Y of
relative dimension r − 1 and another contraction g : X → Z onto an r − 1-
dimensional manifold Z.
Assume that g does not contract any curve contained in an f -fiber, and
assume moreover that one of the following holds:
(1) f is a smooth Pr−1-fibration, or
(2) every f -fiber is a smooth hyperquadric of dimension r − 1 ≥ 3.
Then −Kf is nef.
Remark 3.2. If f is a Pr−1-bundle and X is a Fano manifold, then the
proposition follows from [18, Lemma 4.1].
Proof. We may assume that Y is a smooth projective curve. Then ρY = 2
in any case. We introduce an invariant τ which satisfies −Kf + τF is nef
but not ample, where F is the numerical equivalence class of an f -fiber (cf.
Definition 2.5). Then g is defined by the semiample divisor −Kf + τF .
First we treat the case where f is a smooth Pr−1-fibration. In this case
f is a smooth Pr−1-bundle (see Remark 2.2 (2)). Hence, we have X ≃ P(E )
for some vector bundle E over Y . We will denote by F ∈ N1(X) the class
of a fiber and by ξ ∈ N1(X) the class of the tautological divisor.
Since dimZ = r − 1, we have (−Kf + τF )
r = 0. Note that ξr =
deg(detE ) and −Kf ≡num rξ−deg(det E )F . Hence we have τ = 0, namely,
−Kf is nef.
Next, we treat the case where every f -fiber is a smooth quadric. We will
denote by F ∈ N1(X) the class of an f -fiber.
By [2, Proposition 21], there exists a triple (E ,L , s) which satisfies the
following:
(1) E (resp. L ) is a vector bundle of rank r + 1 (resp. a line bundle)
over Y .
(2) q ∈ H0(S2E ⊗L ).
(3) X is a zero scheme of q in P(E )
Set d := deg(det E ) and ℓ := degL . Since f is smooth, we have
−2d = (r + 1) ℓ.(3.2.1)
By adjunction, we have −Kf ≡num (r − 1) ξX−(d+ ℓ)F , where ξX is the
restriction of the tautological divisor ξ on P(E ).
Since dimZ = r − 1, we have (−Kf + τF )
r = 0, that is,
(
(r − 1) ξX
)r
+ r (τ − d− ℓ)
(
(r − 1) ξX
)r−1
· F = 0.(3.2.2)
Note that X ≡num 2ξ+ ℓF
′ in N1(P(E )) and ξr+1 = d, where F ′ is the class
of a fiber of P(E ) → Y . Hence we have ξX
r = 2d + ℓ and ξX
r−1 · F = 2.
Therefore, by (3.2.1) and (3.2.2), we have τ = 0. 
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4. CP Manifolds with Large Picard Number
In this section, we prove Theorems 4.2 and 4.3, which will complete
our proof of Theorem 0.2. Theorem 4.2 was obtained independently by
K. Watanabe. See also [3, Proposition 2.4], [18, Proposition 5.1] or [25,
Proposition 2.3] for the case n− ρX = 0 or 1. We include our proof of them
for completeness of our treatment.
First we prove the following:
Theorem 4.1. Let X be a CP n-fold which does not admit a contraction
onto an FT manifold. Then n ≥ 2ρX . Furthermore, the following hold:
(1) If the equality holds, then X ≃
(
P2
)ρX .
(2) If n = 2ρX+1, then X ≃
(
P2
)ρX−1×P3, (P2)ρX−1×Q3, (P2)ρX−2×
P(Si) or
(
P2
)ρX−2 × P(TP3).
Proof. First, we prove by induction on n that every CP n-fold with 2ρX > n
admits a contraction onto an FT manifold. The case n = 1 is trivial.
Assume n > 1. By Proposition 1.3, we have a sequence of smooth ele-
mentary contractions
X = X0 → X1 → · · · → X2ρX−n · · · → XρX−1 → XρX = point,(4.1.1)
where each Xi is a CP manifold of dimension ≤ n − i with Picard number
ρX − i.
If dimX2ρX−n = 2n − 2ρX for every sequence (4.1.1), then X2ρX−n−1 is
an FT manifold.
Otherwise dimX2ρX−n < 2n − 2ρX for some sequence (4.1.1). Then we
have
dimX2ρX−n < 2n− 2ρX = 2ρX2ρX−n .
Thus by inductive hypothesis X2ρX−n admits a contraction onto an FT
manifold, and then so does X.
Next, we prove (1) and (2).
(1) we proceed by induction on n. If n = 2, thenX ≃ P2 and the assertion
holds. Hence we assume n > 2. Then, by Proposition 1.3, there exists a
smooth elementary contraction f : X → Y .
If dimY < n − 2, then 2ρY > dimY . Hence Y is admits a contraction
onto an FT manifold. This contradicts our hypothesis. Hence dimY ≥ n−2
for every elementary contraction f : X → Y . Furthermore, since X is not
an FT manifold, there exists an elementary contraction f : X → Y with
dimY = n − 2. Then, by inductive hypothesis, Y ≃
(
P2
)ρY . Hence f is a
P2-bundle. Furthermore f is trivial on each factor P2 of Y by Theorem 1.2.
Hence X ≃
(
P2
)ρX by Proposition 2.3 (5) ⇒ (1).
(2) We proceed by induction on n. If n = 3 or 5, the assertion follows
from Theorem 1.2. Hence we assume that n > 5. By our hypothesis, there
exists an elementary contraction f : X → Y with n− 3 ≤ dimY ≤ n− 2.
If dimY = n − 3, then Y ≃
(
P2
)ρX−1 by (1). Let g : X → Z be the
elementary contraction such that the following diagram is commutative:
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X
g
//
f

Z

Y ≃ P2 ×
(
P2
)ρX−2 pr2 //
pr1

(
P2
)ρX−2

P2 // point
Then, by the classification of CP 5-fold with Picard number two, every fiber
of pr2 ◦f is isomorphic to P
2 × P3 or P2 ×Q3. Thus g is a P2-fibration.
Hence we may find a elementary contraction f : X → W with dimW =
n − 2. Then W ≃
(
P2
)ρX−2 × P3, (P2)ρX−2 × Q3, (P2)ρX−3 × P(Si),(
P2
)ρX−3 × P(TP3) by inductive hypothesis. In any case f is a P2-bundle.
Furthermore, if the last three cases occur, then f is trivial on any fiber of
the elementary contractions of W by the classification of CP m-folds with
m = 3, 4 or 5. Hence X ≃ P2 ×W by Proposition 2.3 (5) ⇒ (1).
Hence we may assume W ≃
(
P2
)ρX−2 × P3. Let g : X → V be the
elementary contraction such that the following diagram is commutative:
X
g
//
f

V

W ≃ P2 ×
((
P2
)ρX−3 × P3
)
pr1

pr2
//
((
P2
)ρX−3 × P3
)

P2 // point
Then by the classification of CP 4-fold, every fiber of pr2 ◦f is isomorphic
to P2 × P2. Thus g is a P2 -fibration. By inductive hypothesis, we have
V ≃
(
P2
)ρX−2 × P3, (P2)ρX−2 ×Q3, (P2)ρX−3 × P(Si),
(
P2
)ρX−3 × P(TP3).
Hence g is a P2-bundle. Since every g-fiber is not contracted by pr1 ◦f , it
follows from Proposition 3.1 that −Kg is nef. Hence the assertion follows
from Proposition 2.3 (2) ⇒ (1). 
Theorem 4.2. Let X be a CP n-fold with n−ρX ≤ 3. Then X is a rational
homogeneous manifold.
Proof. We may assume that 2ρX +2 ≤ n by Corollary 1.7, Theorem 4.1 and
induction on n. Then, by the inequality 2ρX + 2 ≤ n ≤ ρX + 3, we have
n ≤ 4 and the assertion follows from Theorems 1.2. 
Finally, we prove the following:
Theorem 4.3. Let X be a CP n-fold with n−ρX = 4. Then X is a rational
homogeneous manifold.
Proof. By Corollary 1.7, Theorems 4.1 and 4.2 and induction on n, we may
assume that 2ρX + 2 ≤ n, and hence n ≤ 6. The case n = 5 follows from
Theorem 1.2.
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Assume that n = 6. Then ρX = 2, and there are two different smooth
elementary contractions f : X → Y and g : X → Z. Without loss of gener-
ality, we may assume that dimY ≥ dimZ. Furthermore, dimY ≥ 3 by the
inequality dimX ≤ dimY + dimZ.
If dimY = 5, then Y is isomorphic to P5, Q5 or K(G2) by Theorem 1.2.
Since Y is rational, f is a P1-bundle. Hence X is a rational homogeneous
manifold by Proposition 2.8.
If dimY = 4, then Y is isomorphic to P4 or Q4 by Theorem 1.2. Since Y
is rational, f is a P2-bundle. Hence X is isomorphic to P2 × P4 or P2 × Q4
by Theorem 2.9.
In the remaining case, we have dimY = dimZ = 3. Hence Y ≃ P3 or
Q3, and Z ≃ P3 or Q3 by Theorem 1.2. Then, by Proposition 3.1, −Kf and
−Kg are nef. Hence we have −KX = −f
∗KY − g
∗KZ . Then, by purity of
branch locus, (f, g) : X → Y ×Z is e´tale. Since Y ×Z is simply connected,
we have X ≃ Y × Z. This completes the proof. 
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